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An ensemble of quantum dot excitons may be used for coherent information manipulation. Due to
the ensemble inhomogeneity any optical information retrieval occurs in form of a photon echo. We
show that the inhomogeneity can lead to a significant deviation from the conventional echo timing
sequence. Variation of the area of the initial rotation pulse, which generates excitons in a dot sub-
ensemble only, reveals this complex picture of photon echo formation. We observe a retarded echo
for pi/2 pulses, while for 3pi/2 the echo is advanced in time as evidenced through monitoring the
Rabi oscillations in the time-resolved photon echo amplitude from (In,Ga)As/GaAs self-assembled
quantum dot structures and confirmed by detailed calculations.
PACS numbers: 42.50.Ex, 42.50.Md, 42.25.Kb, 42.70.Nq
Manipulation of electronic states by laser pulses re-
quires precise timing of the pulse sequence. A particu-
lar example is ultrafast coherent control of exciton com-
plexes confined in semiconductor nanostructures1 which
may be used for manipulating quantum states2–4 or even
storing quantum information5,6. For an inhomogeneous
ensemble of two-level systems (TLS) such as quantum
dots (QDs) the information retrieval induces echoes for
the recovered signal7–9. To be of practical use, the echo
formation time needs to be determined with high accu-
racy.
The scenario is well established when a weakly inho-
mogeneous ensemble of TLS is resonantly addressed by
ultrashort laser pulses whose spectrum covers the dis-
tribution of optical transitions in the ensemble. In this
conventional picture of a photon echo (PE), a first ex-
citation pulse creates a macroscopic polarization which
subsequently dephases due to inhomogeneity. A second
subsequent optical rephasing pulse retrieves the macro-
scopic polarization10 with subsequent emission of a PE
pulse delayed by a time exactly equal to the interval be-
tween the rephasing and excitation pulse, τ12. Typically
the temporal profile of the PE pulse has a Gaussian shape
reflecting the inhomogeneous frequency distribution of
the excited ensemble.
In semiconductors this picture may be complicated by
several features: (1) Due to the many-body interactions
a description by a distribution of independent TLS is
as a rule not appropriate, but complex coherent tran-
sients are recorded11,12. However, localization of excitons
strongly reduces exciton-exciton interactions13. There-
fore, QDs with particularly strong three-dimensional lo-
calization can be often reasonably well considered as TLS
with long coherence times. Indeed, Rabi oscillations of
exciton complexes were demonstrated in QDs using var-
ious techniques14–17. (2) In addition, fluctuations in QD
size, shape and composition lead to a considerable inho-
mogeneous broadening of the optical transitions in QDs.
Simultaneously excitation with ultrashort pulses having
a broader spectrum than the inhomogeneity in many
cases is prohibited because of the demand of addressing
a specific optical transition. The relatively narrow en-
ergy spacing of different electronic excitations limits the
spectral width that the laser pulses may have, to avoid
excitation of multiple transitions.
Therefore a careful consideration of the optical fre-
quency detuning with respect to the TLS optical res-
onance is mandatory when considering the PE tran-
sient formation, even in the limit of small excitation
levels. Generally, it is expected that for strongly in-
homogeneous TLS ensembles the PE temporal profile
may undergo significant distortion compared to the stan-
dard τ12 − 2τ12 sequence, showing either retarded or ad-
vanced echo pulses18. This is due to the non-negligible
inhomogeneity-induced dephasing of oscillators during
the optical excitation pulse, so that the finite pulse du-
ration should be taken into account. Surprisingly, these
variations of the PE transients in TLS were only reported
in ruby19, where the characteristic excitation and depo-
larization times are in the range of tens of nanoseconds,
i.e. orders of magnitude longer than in semiconductor
nanostructures. So far, the PE transients in QDs were
considered in the conventional τ12 − 2τ12 picture only.
In this paper, we demonstrate that the PE transients
are strongly influenced by the inhomogeneity of a QD
ensemble. We study the dynamics of the PE from an en-
semble of (In,Ga)As/GaAs semiconductor QDs excited
by picosecond laser pulses. By varying the amplitude of
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FIG. 1: (Color online) Experimental data and theoretical cal-
culations of the absolute value of PE amplitude. (a) Exper-
imental dependence of the PE temporal profile on the first
pulse amplitude
√
I1. (b) Theoretical modeling of the data
from (a) using Eq. (2) with the following parameters: pump
duration τp = 2.9 ps, inhomogeneity 2
√
2 ln 2~δ ≈ 0.65 meV,
and rephasing pulse area Ω2τp = pi. In the colormaps, dark-
blue indicates the zero level, dark-red corresponds to maxi-
mum signal. (c) PL spectrum of the sample with the energy
position of excitation, ~ω, indicated by the arrow. (d) Time-
integrated (TI) modulus of the PE amplitude measured as
function of the first pulse amplitude. (e) PE transients for
Θ1 = pi/2, pi and 3pi/2, respectively.
the first excitation pulse we find a complex evolution of
Rabi oscillations in the amplitude of the PE, deviating
strongly from the τ21 − 2τ21 expectation. Namely, we
observe temporal shifts of the PE pulse relative to the
expected PE arrival time. We analyze the experimental
results measured on excitons using a transparent analyt-
ical model.
The PE experiment was carried out on a sample with
a single layer of (In,Ga)As QDs which is inserted into a
GaAs λ-microcavity. The QD density is about 1.8× 109
cm−2 and the barrier contains a Si δ-layer with donor
density 8×109 cm−2, separated from the QD-layer by 10
nm. The Bragg mirrors consist of alternating GaAs and
AlAs layers with thicknesses of 68 nm and 82 nm, respec-
tively. They have 5 and 18 such pairs in the top and bot-
tom mirror, respectively. With a microcavity Q-factor of
≈ 200, the photon lifetime is much shorter than the laser
pulse duration of several picoseconds. Therefore, the
main influence of the microcavity is to enhance the light-
matter interaction for those QDs with optical frequency
in resonance with the cavity mode. Further, the broad
exciton photoluminescence (PL) spectrum from the QDs
with a width of 30 meV is convoluted with the relatively
narrow photon cavity mode to result in a relatively nar-
row emission band with full-width of 6.5 meV. The en-
ergy of the cavity mode depends on the sample spot due
to the wedged cavity design. A PL spectrum measured at
the studied sample spot discussed subsequently is shown
in Fig. 1(c).
To study the PE dynamics, a degenerate transient
four-wave-mixing (FWM) experiment was performed in
reflection geometry. The sample was placed into a helium
bath cryostat and cooled down to a temperature of∼ 2 K.
We used a tunable mode-locked Ti:Sa laser as source of
the optical pulses with duration of about 2.5 ps and rep-
etition rate of about 76 MHz. We implemented an inter-
ferometric heterodyne detection using a reference beam
to detect the absolute value of the FWM amplitude with
temporal resolution. The excitation pulses were linearly
cross-polarized resulting a linearly polarized PE signal26.
A detailed description of the experimental technique can
be found elsewhere20.
In the experiment, the temporal profiles of the PE were
measured as a function of the laser pulse amplitude. Fig-
ure 1 summarizes the experimental data obtained when
the amplitude of the first excitation pulse is varied. This
pulse amplitude is proportional to
√
I1, where I1 is the
time-integrated intensity of the laser pulses. The delay
between the centers of rephasing and excitation pulses
is set to 66.7 ps. Clearly, footprints of Rabi oscilla-
tions are observed in Fig. 1(a). Most strikingly, sizable
temporal shifts of the PE maxima for pi/2 and 3pi/2-
excitation pulses (around 0.8 mW1/2 and 1.8 mW1/2, re-
spectively) as well as a splitting of the PE profile around
pi-pulse amplitude (around 1.3 mW1/2) become evident
in Fig. 1(e), where the corresponding PE transients are
plotted. The time-integrated PE signal also manifests
Rabi oscillations, as seen from Fig. 1(d), but the oscilla-
tions are much less pronounced than in the time-resolved
data. Note, that variation of the second pulse amplitude
does not lead to any additional modification of the PE
temporal profile.
In order to describe the PE from a QD ensemble we
calculate the temporal evolution of a set of 2×2 den-
sity matrices interacting with two sequent laser pulses
and analyze the resulting macroscopic polarization of the
medium, P , given by the mean value of the dipole mo-
ment operator dˆρ:
P = Tr(dˆρ). (1)
Here, ρ is the density matrix of the TLS and Tr is
the trace of the matrix. The temporal evolution of the
density matrix is described by the Lindblad equation:
i~ρ˙ = [Hˆ, ρ] + Γ, where Hˆ is the Hamiltonian of the
3system and Γ describes relaxation processes phenomeno-
logically. We consider the case, when the individual os-
cillator coherence time T2 ≫ τ12, which is justified by T2
being ultimately limited by the exciton lifetime of about
0.5 ns. Thus, the only consequence of relaxation in the
system is the PE exponential decay ∼ exp(−2τ12/T2).
Therefore, we will neglect relaxation considering Γ = 0,
for simplicity.
In our model, the Hamiltonian consists of two parts:
Hˆ = Hˆ0 + Vˆ , where Hˆ0 describes the unperturbed sys-
tem and Vˆ = −dˆE gives the interaction with light. We
assume rectangular shaped pulses, each with with dura-
tion τp. During the optical excitation, we calculate the
ensemble dephasing due to the detuning of every individ-
ual oscillator with frequency ω0 from the light frequency
ω: ∆ = ω − ω0. In the rotating-wave approximation,
this defines the optical nutation of the TLS on the Bloch
sphere with a generalized Rabi frequency Ω˜ =
√
Ω2 +∆2,
where Ω = 2|E0d|/~ is proportional to the optical field
amplitude E0. Accordingly, the analysis of the coher-
ent optical response of the system includes the following
steps: first, we calculate the interaction of the unper-
turbed system with the first excitation pulse (Ω = Ω1)
acting during time τp, then the system evolves freely in
absence of excitation (Ω = 0) during the time interval
τ12, followed by the excitation with the second rephas-
ing pulse (Ω = Ω2) during time τp. Finally, we analyze
the macroscopic polarization of the QDs that is avail-
able for PE pulse formation by integrating the individual
responses over the inhomogeneous ensemble of TLS, de-
fined by a Gaussian distribution with standard deviation
δ. Within these approximations, it is possible to per-
form the analysis analytically and calculate the following
expression for the modulus of the detected excitation-
dependent part of the PE amplitude27:
|PPE(t′)| ∼
∣∣∣∣
∫
∞
−∞
exp
(
− ∆
2
2δ2
)
Ω1Ω
2
2
Ω˜1Ω˜22
sin2
Ω˜2τp
2
×
[
2∆
Ω˜1
sin2
Ω˜1τp
2
sin∆t′ + sin Ω˜1τp cos∆t
′
]
d∆
∣∣∣∣. (2)
Here t′ = t−2(τ12+τp), and Ω˜1,2 are the generalized Rabi
frequencies of the first and the second pulse, respectively.
In this notation, delay between the exciting pulse centers
used in experiment is τ12 + τp and expected PE arrival
time according to the standard treatment is t′ = 0. This
equation is similar to the one obtained for spin echoes
measured in highly inhomogeneous fields21,22. It can be
easily seen, that variation of the second, rephasing pulse
amplitude and, hence, Ω2 does not affect the symmetry
of the PE profile. Therefore, we will consider only the
effect coming from variation of the first, excitation pulse
amplitude.
Figure 2 shows results of theoretical calculations per-
formed using Eq. (2) for two ensembles with different
widths of the inhomogeneity: τpδ = 0.12 and 1.2
28. For
an ensemble broadening much narrower than the pulse
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FIG. 2: (Color online) Theoretical calculation of the PE tem-
poral profile as function of the excitation pulse area Θ1 using
Eq. (2) for two different ensemble with different inhomogene-
ity δ: (a) τpδ = 0.12; and (b) τpδ = 1.2. The time scale is
normalized by the pulse duration. Dark-blue corresponds to
zero signal level, dark-red gives the maximum value.
spectrum, τpδ = 0.12, clean Rabi oscillations are seen
in the PE temporal profile as function of the excitation
pulse area Θ1 = Ω1τp, shown in Fig. 2(a). In particular
the photon echo arrives as expected at twice the separa-
tion between rephasing and excitation pulse. This case is
equivalent to an ideal Hahn echo, where the echo signal
is generated at 2τ12. When, however, the inhomogeneous
ensemble width becomes comparable with the pulse spec-
tral width (τpδ = 1.2), strong modifications of the tempo-
ral PE profile appear, as can be seen in Fig. 2(b). The key
feature of these modifications is the effective temporal
shift of the PE amplitude that is particularly prominent
for the first two maxima of the Rabi oscillations when
increasing the excitation power: for a pi/2-pulse the PE
maximum is retarded relative to the expected PE arrival
time, while for a 3pi/2-pulse the PE is advanced. These
shifts do not depend on the pulses delay time τ12 in the
limit of negligible damping and decrease with further in-
creasing Θ1.
The temporal shifts of the PE can be qualitatively ex-
plained using the Bloch sphere representation, as out-
lined in Fig. 3. In Fig. 3(a), the ideal case of a Hahn echo
is given as a reference, where excitation with a negligibly
short excitation pi/2-pulse results in an unshifted echo
signal. When the excitation pulse has a finite duration,
as shown in Fig. 3(b), oscillators experience dephasing
during pulse action, so that the excitation distributes the
oscillators along the equator of the Bloch sphere followed
by their precession in the equatorial plane. This preces-
sion extrapolated to negative times results in focusing
all the Bloch vectors on the same meridian, which corre-
sponds to a situation where the maximum macroscopic
polarization is shifted to t < τp. In case of excitation by
a 3pi/2-pulse as shown in Fig. 3(c), after pulse action all
oscillators proceed along the equator towards each other,
which leads to a shift of the macroscopic polarization
maximum to t > τp. Since the rephasing pulse, which
is not necessarily a pi-pulse, acts essentially as a refocus-
ing pulse, which in effect reverses the temporally coherent
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FIG. 3: (Color online) Explanation of the PE timing mod-
ifications using the Bloch sphere representation for different
excitation pulse configurations: (a) ultrashort pi/2-pulse: case
of Hahn echo. (b) pi/2-pulse: retarded echo. (c) 3pi/2-pulse:
advanced echo. The colored lines on the Bloch spheres (left
panels) denote different trajectories of the Bloch vectors of
individual oscillators with different detuning from the laser
frequency in directions indicated by the arrows. The right
panels show the temporal evolution of the modulus of the
macroscopic polarization, |P |, after excitation pulse action.
The dashed lines denote extrapolation of |P | to t < τp.
evolution of the ensemble oscillators, the dynamics of the
macroscopic dipole moment around the expected echo ar-
rival time, 2(τ12 + τp), is similar to a mirrored copy of
its dynamics around the time t = τp, as shown by the
right panels of Fig. 3. Thus, the PE pulse is retarded
for the a pi/2-excitation pulse and advanced for a 3pi/2-
pulse, when the ensemble dephasing during pulse action
is sufficiently strong. This can be achieved either by high
inhomogeneity in the excited ensemble and/or long pulse
duration.
The analysis of the experimental data in Fig. 1(a) was
performed using the theoretical modeling of the PE ef-
fect at varying excitation pulse amplitudes after Eq. (2).
The adjustable parameters are δ and τp. The theo-
retical fit depicted in Fig. 1(b) gives a pulse duration
τp ≈ 2.9 ps and an inhomogeneous ensemble full-width
at half-maximum 2
√
2 ln 2~δ ≈ 0.65 meV. This broad-
ening is much smaller than the PL linewidth of the QD
structure (6.5 meV) indicating that a much narrower sub-
ensemble contributes to the PE compared to the ensem-
ble contributing to the PL emission. The origin of this
discrepancy will be subject of further studies. A possi-
ble reason might be the interaction with the microcavity.
The evident Rabi oscillations pattern in the PE sequence
tells that QD structures under resonant excitation can
be well described by TLS.
In conclusion, the importance of the oscillator detun-
ing from the optical frequency in forming the macro-
scopic coherent response in semiconductor QDs was ad-
dressed in literature already before23,24. However, no
consequence of the timing of the associated PE had been
reported. The essential consequence of our study is that
even significantly inhomogeneous semiconductor systems
still demonstrate a comprehensible coherent behavior,
but great care needs to be exercised to consider the con-
sequences of the inhomogeneity in detail. When doing so,
such systems are very well suited candidates for the co-
herent manipulations in coherent optoelectronics. In par-
ticular, the observed temporal shifts of the PE amplitude
need to be taken into account when a precise timing of
the optical signals matters. Our findings have strong im-
pact on interpretation of two-dimensional Fourier trans-
form images, which are currently widely used because
of their intuitive visualization of underlying physics8,25.
The complex-valued envelope of the PE-transients from
strongly inhomogeneous systems results in a changeover
of the corresponding 2D image from a resonance profile
in case of a Hahn echo to a dispersive profile (see Sup-
plementary materials).
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